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We study the core mass – halo mass relation of bosonic dark matter halos, in the form of self-
gravitating Bose-Einstein condensates, harbouring a supermassive black hole. We use the “velocity
dispersion tracing” relation according to which the velocity dispersion in the core v2c ∼ GMc/Rc
is of the same order as the velocity dispersion in the halo v2h ∼ GMh/rh (this relation can be
justified from thermodynamical arguments) and the approximate analytical mass-radius relation
of the quantum core in the presence of a central black hole obtained in our previous paper [P.H.
Chavanis, Eur. Phys. J. Plus 134, 352 (2019)]. For a given minimum halo mass (Mh)min ∼ 108M
determined by the observations, the only free parameter of our model is the scattering length as
of the bosons (their mass m is then determined by the characteristics of the minimum halo). For
noninteracting bosons and for bosons with a repulsive self-interaction, we find that the core mass
Mc increases with the halo mass Mh and achieves a maximum value (Mc)max at some halo mass
(Mh)∗ before decreasing. The whole series of equilibria is stable. For bosons with an attractive
self-interaction, we find that the core mass achieves a maximum value (Mc)max at some halo mass
(Mh)∗ before decreasing. The series of equilibria becomes unstable above a maximum halo mass
(Mh)max ≥ (Mh)∗. In the absence of black hole (Mh)max = (Mh)∗. At that point, the quantum core
(similar to a dilute axion star) collapses. We perform a similar study for fermionic dark matter halos.
We find that they behave similarly to bosonic dark matter halos with a repulsive self-interaction,
the Pauli principle for fermions playing the role of the repulsive self-interaction for bosons.
PACS numbers: 95.30.Sf, 95.35.+d, 98.62.Gq
I. INTRODUCTION
The nature of dark matter (DM) is still unknown and
remains one of the greatest mysteries of modern cosmol-
ogy. The standard cold dark matter (CDM) model, as-
suming the existence (still hypothetical) of weakly inter-
acting massive particles (WIMPs) of mass m ∼ GeV/c2,
works remarkably well at large (cosmological) scales [1, 2]
but encounters serious problems at small (galactic) scales
that are referred to as the “cusp-core problem” [3, 4], the
“missing satellite problem” [5], and the “too big to fail
problem” [6]. The expression “small-scale crisis of CDM”
has been coined. In order to solve these problems, some
authors have proposed to take the quantum nature of
the DM particle into account (see an exhausive list of
references in Refs. [7, 8] and in the reviews [9–14]). In-
deed, quantum mechanics creates an effective pressure
even at zero thermodynamic temperature (Tth = 0) that
may balance the gravitational attraction at small scales
and lead to cores instead of cusps. The DM particle
could be a fermion, like a massive neutrino, or a boson
in the form of a Bose-Einstein condensate (BEC), like
an ultralight axion. In order to match the characteris-
tics of the smallest halos like dwarf spheroidals (dSphs)
that are interpreted as purely quantum objects (see be-
low), the mass of the fermion should be of the order of
m ∼ 170 eV/c2 while the mass of the boson should be of
the order of m ∼ 2.92× 10−22 eV/c2 if it has a vanishing
∗Electronic address: chavanis@irsamc.ups-tlse.fr
self-interaction, or lie in the range 2.19× 10−22 eV/c2 <
m < 2.92 × 10−22 eV/c2 if it has an attractive self-
interaction, and in the range 2.92 × 10−22 eV/c2 < m <
1.10×10−3 eV/c2 if it has a repulsive self-interaction (see
Appendix D of [15] and Ref. [16]).1
In these quantum models, sufficiently large DM halos
have a “core-halo” structure which results from a pro-
cess of violent collisionless relaxation [20] and gravita-
tional cooling [21–23]. This core-halo structure has been
evidenced in direct numerical simulations of noninteract-
ing BECDM [24–28]. The quantum core stems from the
equilibrium between the quantum pressure and the gravi-
tational attraction (ground state).2 Quantum mechanics
1 These values are indicative. They are orders of magnitude
that could be improved by making a more detailed compari-
son with observations. The arguments of [15, 16] suggest that
the mass of a boson with an attractive self-interaction should
be slightly smaller than the mass of a noninteracting boson
(m ∼ 2.92 × 10−22 eV/c2), while the mass of a boson with a
repulsive self-interaction can be up to 20 orders of magnitude
larger than the mass of a noninteracting boson. As discussed
in Appendix D.4 of [15], a mass larger than 2.92× 10−22 eV/c2
could alleviate some tensions with the observations of the Lyman-
α forest encountered in the noninteracting model. As a result, a
repulsive self-interaction (as > 0) is priviledged over an attrac-
tive self-interaction (as < 0). A repulsive self-interaction is also
favored by cosmological constraints [15, 17]. In this respect, we
recall that theoretical models of particle physics usually lead to
particles with an attractive self-interaction (e.g., the QCD ax-
ion). However, some authors [18, 19] have pointed out the pos-
sible existence of particles with a repulsive self-interaction (e.g.,
the light majoron).
2 The quantum pressure arises from the Pauli exclusion principle
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2stabilizes DM halos against gravitational collapse, lead-
ing to flat cores instead of cusps. The core mass-radius
relation Mc(Rc) can be obtained numerically by solving
the differential equation of quantum hydrostatic equilib-
rium [29], or approximately by making a Gaussian ansatz
for the density profile [7]. On the other hand, the halo
(atmosphere) is relatively independent of quantum ef-
fects. It is similar to the Navarro-Frenk-White (NFW)
profile [3] produced in CDM simulations or to the empir-
ical Burkert profile [4] deduced from the observations.3
It is responsible for the flat rotation curves of the galax-
ies at large distances. We shall approximate this halo by
an isothermal sphere with an effective temperature T as
in the theory of violent relaxation based on the Vlasov
equation [20] (see [32] for the Schro¨dinger-Vlasov corre-
spondance). In that case, the density decreases at large
distances as ρ ∝ r−2 [33], instead of r−3 for the NFW and
Burkert profiles, leading exactly to flat rotation curves
for r → +∞. For sufficiently large DM halos, the halo
mass-radius relation is given by [8]
Mh = 1.76 Σ0r
2
h, (1)
where
Σ0 = ρ0rh = 141M/pc2 (2)
is the universal surface density of DM halos deduced from
the observations [34–36]. Ultracompact halos like dSphs
(rh ∼ 1 kpc and Mh ∼ 108M) are dominated by the
quantum core and have almost no atmosphere. They
correspond to the ground state of the quantum model.
Large halos like the Medium Spiral (rh ∼ 10 kpc and
Mh ∼ 1011M) are dominated by the isothermal atmo-
sphere.
A fundamental problem in the physics of quantum DM
halos is to determine the relation Mc(Mv) between the
quantum core massMc and the halo massMv. In the case
of noninteracting bosons, the scaling Mc ∝M1/3v was ob-
tained numerically by Schive et al. [25] (see also [27]) and
explained with a heuristic argument based on a wavelike
“uncertainty principle”. It was then observed by several
authors [8, 26, 37] that this relation could be obtained
from a “velocity dispersion tracing” relation according to
which the velocity dispersion in the core v2c ∼ GMc/Rc
for fermions and from the Heisenberg uncertainty principle for
bosons. A repulsive self-interaction may also help stabilizing
the quantum core. By contrast, an attractive self-interaction
tends to destabilize the quantum core above a maximum mass
Mmax = 1.012 ~/
√
Gm|as| identified in [7].
3 In the case of BECDM, the halo is due to quantum interfer-
ences of excited states. It is made of granules (quasiparticles) of
the size of the solitonic core λdB ∼ ~/mv ∼ 1 kpc (de Broglie
wavelength) and of effective mass m∗ ∼ ρλ3dB ∼ 107M  m
[24, 25, 30, 31]. These supermassive granules can cause the “colli-
sional” relaxation of the halo on a timescale smaller than the age
of the universe (by contrast, the relaxation due to the ultralight
particles of mass m would be completely negligible).
is of the same order as the velocity dispersion in the halo
v2v ∼ GMv/rv. In recent papers [8, 16], we managed to
justify this relation from an effective thermodynamic ap-
proach. We considered DM halos with a quantum core
and an homogeneous isothermal atmosphere in a box of
radius rh. We analytically computed the free energy
F (Mc) and the entropy S(Mc) of this core-halo configu-
ration as a function of the core mass Mc. The equilibrium
core mass was then determined by extremizing the free
energy F (Mc) at fixed halo mass Mh, or by extremizing
the entropy S(Mc) at fixed halo mass Mh and energy Eh
(these extremization problems are equivalent). In this
manner, we could obtain the core mass Mc as a function
of the halo mass Mh. We showed that the resulting rela-
tion is equivalent to the “velocity dispersion tracing” re-
lation GMc/Rc ∼ GMv/rv. We could therefore provide a
justification of the “velocity dispersion tracing” relation
from thermodynamical arguments. We also showed that
the core-halo configuration is a maximum of free energy
(instead of being a minimum) so that it is unstable in
the canonical ensemble. In particular, it has a negative
specific heat which is forbidden in the canonical ensem-
ble. However, the statistical ensembles are inequivalent
for systems with long-range interactions like gravitational
systems [38–40]. We could then show that, if the halo
mass is not too large, the core-halo configuration is a
maximum of entropy at fixed mass and energy so that
it is stable in the microcanonical ensemble. This makes
the core-halo configuration extremely important since it
corresponds to the “most probable” configuration of the
system (in a thermodynamical sense). Finally, using the
“velocity dispersion tracing” relation, we could general-
ize the core mass – halo mass relation obtained by Schive
et al. [25] to the case of DM halos made of bosons with
attractive or repulsive interaction and to the case of DM
halos made of fermions [8, 16].
Based on these results, we have developed the follow-
ing scenario which is valid for bosons and fermions (see
Fig. 49 of [8] for an illustration of this scenario in the
case of bosons with a repulsive self-interaction). There
exists a “minimum halo” of mass (Mh)min correspond-
ing to the ground state of the quantum gas (T = 0) at
which the DM halo is a purely quantum object without
isothermal atmosphere (Mc ' Mh). Observations reveal
that (Mh)min ∼ 108M. Above a canonical critical point
(Mh)CCP, the DM halos have a core-halo structure with a
quantum core and an isothermal atmosphere. The quan-
tum core may mimic a galactic nucleus or a large bulge,
but it cannot mimic a central black hole (BH). At the be-
ginning of this branch, the core-halo structure is stable
in the microcanonical ensemble and the core mass Mc in-
creases with the halo mass Mh.
4 Above a microcanonical
4 We also found a branch along which the core mass Mc decreases
as the halo mass Mh increases. Rapidly, the core mass becomes
negligible and the halos behave as purely isothermal halos with-
3critical point (Mh)MCP, the core-halo structure becomes
thermodynamically unstable and the quantum core is re-
placed by a supermassive black hole (SMBH) resulting
from a gravothermal catastrophe [41] followed by a dy-
namical instability of general relativistic origin [42]. In
that process the halo is left undisturbed and conserves
its approximately isothermal structure. The gravother-
mal catastrophe is a slow (secular) process but it may
be relevant in galactic nuclei or if the DM particle has a
self-interaction [42]. In conclusion, we predicted in [8, 16]
that DM halos with a mass (Mh)min < Mh < (Mh)CCP
are purely quantum objects while DM halos with a mass
Mh > (Mh)CCP have a core-halo structure with an ap-
proximately isothermal atmosphere. In the latter case,
DM halos with a mass (Mh)CCP < Mh < (Mh)MCP har-
bour a quantum core (bosonic soliton or fermion ball)
while DM halos with a mass Mh > (Mh)MCP harbour
a SMBH. These results are connected to the fundamen-
tal existence of a canonical and a microcanonical critical
point in the statistical mechanics of self-gravitating sys-
tems [40].
The previous scenario, if correct, could explain the for-
mation of SMBHs at the centers of DM halos resulting
from the collapse of the quantum core above a maximum
halo mass (Mh)MCP. However, it is also possible that
DM halos of any size harbour a SMBH that was present
prior to the formation of the quantum core. Actually, it
is observed that most galaxies harbour a SMBH and that
the SMBH mass MBH is correlated with the velocity dis-
persion σ of the hot-galaxy bulge, leading to the so-called
MBH − σ relation. As a result, the SMBH mass is also
correlated with global halo properties such as the total
halo mass Mv, leading to the BH mass – halo mass rela-
tion MBH(Mv). In that case, we must revise our scenario
[8, 16] by taking into account the influence of the BH on
the mass-radius relation of the quantum core. To simplify
the problem, we shall treat the BH as a point mass. In
that case, the mass-radius relation Mc(Rc) of the quan-
tum core has been obtained in [43] by using approximate
analytical methods based on a Gaussian ansatz for the
density profile. We shall also use the “velocity dispersion
tracing” relation GMc/Rc ∼ GMh/rh, assuming that
this relation remains valid in the presence of a SMBH.
From the BH mass – halo mass relation MBH(Mh), the
core mass-radius relation Mc(Rc), the “velocity disper-
sion tracing” relation GMc/Rc ∼ GMh/rh and the halo
mass-radius relation Mh = 1.76 Σ0r
2
h, we can obtain the
core mass – halo mass relation Mc(Mh). This is the sub-
ject of the present paper.5 After recalling general results
out quantum core.
5 While our paper was in preparation, we came accross the inter-
esting paper of Davies and Mocz [44] who consider fuzzy DM
soliton cores (made of noninteracting bosons) around SMBHs.
These authors assume that the Mc(Mh) relation is unchanged by
the presence of the SMBH. This is valid if the soliton forms early
in the history of the Universe, before the SMBH. In our study,
in Sec. II, we treat the case of bosonic DM halos in Sec.
III and the case of fermionic DM halos in Sec. IV.
II. GENERAL RESULTS
A. The BH mass – halo mass relation
Most galaxies are known to harbour a SMBH of mil-
lions of solar masses at their center. It is found from
observations that the BH mass – halo mass relation is
given by [50, 51]
MBH
M
= 1.07× 10−12
(
Mv
M
)1.55
, (3)
where Mv is the virial halo mass. In our previous papers
[8, 16], we have worked with the halo mass Mh defined
such that Mh is the mass contained within the sphere of
radius rh where the central density has been divided by
four (i.e. ρh = ρ0/4). These two masses are related by
[16]
Mh
(Mh)min
∼ B
[
Mv
(Mh)min
]4/3
, (4)
where
B =
1
1.76 Σ0
[
4
3
piζ(0)ρm,0
]2/3
(Mh)
1/3
min. (5)
In this expression, ρm,0 = 2.66 × 10−24 g m−3 is the
present background matter density in the Universe, ζ(0)
is a prefactor of order 350, and (Mh)min is the minimum
mass of the DM halos observed in the Universe. If we
take (Mh)min = 10
8M, a choice that we will make sub-
sequently, we obtain B = 2.79× 10−3. Therefore
Mh
(Mh)min
∼ 2.79× 10−3
[
Mv
(Mh)min
]4/3
. (6)
Combining the foregoing relations, we get
MBH
(Mh)min
= 2.69× 10−8
(
Mv
(Mh)min
)1.55
(7)
and
MBH
(Mh)min
= 2.51× 10−5
(
Mh
(Mh)min
)1.16
. (8)
we make the opposite assumption and study how the Mc(Mh)
relation is affected by the presence of the SMBH. A compari-
son between the two studies is made in Sec. V. The effects of
a SMBH on BECDM halos have also been studied recently by
Avilez et al. [45], Eby et al. [46], Bar et al. [47], Chavanis [43]
and Brax et al. [48]. On the other hand, Desjacques and Nusser
[49] consider the possibility that soliton cores on galactic nuclei
may mimic SMBHs.
4For the sake of generality, we write the BH mass – halo
mass relation under the form
MBH
(Mh)min
= A
(
Mh
(Mh)min
)a
, (9)
where the constants A and a can be updated if necessary.
From the results of [51], their values are A = 2.51×10−5
and a = 1.16.
B. Velocity dispersion tracing relation
To obtain the core mass – halo mass relation Mc(Mh)
we shall use the velocity dispersion tracing relation
v2c ∼ v2h or Mc ∼
Rc
rh
Mh, (10)
stating that the velocity dispersion in the core v2c ∼
GMc/Rc is of the same order as the velocity dispersion
in the halo v2h ∼ GMh/rh. This relation was introduced
in [8, 26, 37]. It was shown to reproduce the core mass –
halo mass relation obtained numerically by Schive et al.
[25] for noninteracting bosons. In recent papers [8, 16],
we have provided a justification of this relation from an
effective thermodynamic approach by determining the
core mass that maximizes the entropy of the DM halo
at fixed total mass and energy. We showed that this re-
lation remains valid for self-interacting bosons and for
fermions. In the present paper, we assume that it also
remains valid when the halo contains a central BH. Using
the halo mass – radius relation Mh = 1.76 Σ0r
2
h [see Eq.
(1)],6 we can rewrite Eq. (10) as
Mc
Rc
∼
√
1.76 Σ0Mh. (11)
III. BOSONIC DM HALOS
In this section, we obtain the core mass – halo mass re-
lation of bosonic DM halos in the presence of a central BH
by combining the velocity dispersion tracing relation (11)
with the core mass-radius relation of a self-gravitating
BEC at T = 0.
A. Core mass-radius relation
A self-gravitating BEC is basically described by the
Gross-Pitaevskii-Poisson (GPP) equations (see, e.g., [7]).
Far from the Schwarzschild radius, we can treat the cen-
tral BH as a point mass creating an external potential
6 This relation presents the fundamental scaling Mh ∝ r2h reflect-
ing the universality of the surface density Σ0 ∼ Mh/r2h of DM
halos [see Eq. (2)].
Φext = −GMBH/r. Using a Gaussian ansatz for the
wave function, we found in [43] that the approximate
mass-radius relation of a self-gravitating BEC at T = 0
(ground state) with a central BH is given by
Mc =
2σ
ν
~2
Gm2Rc
− λ2σMBH
1− 6piζas~2νGm3R2c
(12)
with the coefficients σ = 3/4, ζ = 1/(2pi)3/2, ν = 1/
√
2pi
and λ = 2/
√
pi. Inversely, the radius of the BEC can be
expressed in terms of its mass by
Rc =
σ
ν
~2
Gm2
1
Mc +
λ
νMBH
×
[
1±
√
1 +
6piζν
σ2
Gmas
~2
Mc
(
Mc +
λ
ν
MBH
)]
(13)
with + when as > 0 and with ± when as < 0. When
MBH = 0, we recover the approximate mass-radius rela-
tion obtained in [7]. The results of [7, 43] apply to the
“minimum halo” which has no isothermal atmosphere
(ground state) and to the quantum core of larger DM
halos which have an isothermal atmosphere. For a given
value of the core mass Mc, the effect of the BH is to
decrease core radius Rc [43].
For noninteracting BECs (as = 0), the mass-radius
relation (12) reduces to
Mc =
2σ
ν
(
~2
Gm2Rc
− λ
2σ
MBH
)
(14)
or, inversely,
Rc =
2σ
ν
~2
Gm2
1
Mc +
λ
νMBH
. (15)
The radius Rc decreases as the mass Mc increases, going
from the gravitational Bohr radius7
RB =
2σ
λ
~2
GMBHm2
(16)
when Mc → 0 down to zero when Mc → +∞ (see Fig. 3
of [43]). All these configurations are stable. For a given
value of the core mass Mc, the core radius decreases as
the BH mass increases, going from
Rc =
2σ
ν
~2
Gm2Mc
(17)
when MBH = 0 to Rc = RB ∝ M−1BH → 0 when the BH
dominates (MBH → +∞). In the later case, the core
7 When the gravitational attraction of the BH dominates the self-
gravity of the quantum core, the GPP equations reduce (in the
noninteracting case) to the Schro¨dinger equation for the hydro-
gen atom [43].
5radius is inversely proportional to the BH mass [see Eq.
(16)] rather than the core mass [see Eq. (17)].
We now consider the repulsive case (as > 0). In the
TF limit (~ = 0), the mass-radius relation (12) reduces
to
Mc =
−λνMBH
1− 6piζas~2νGm3R2c
(18)
or, inversely,
Rc =
(
6piζ
ν
)1/2(
as~2
Gm3
)1/2
1√
1 + λν
MBH
Mc
. (19)
The radius Rc increases as the mass Mc increases, going
from Rc = 0 when Mc = 0 to the TF radius
RTF =
(
6piζ
ν
)1/2(
as~2
Gm3
)1/2
(20)
when M → +∞. (see Fig. 4 of [43]). All these config-
urations are stable. For a given value of the core mass
Mc, the core radius decreases as the BH mass increases,
going from R = RTF when MBH = 0 to
Rc =
(
6piζ
λ
)1/2(
as~2Mc
Gm3MBH
)1/2
→ 0 (21)
when the BH dominates (MBH → +∞). We now consider
the general case of a repulsive self-interaction. We must
consider two cases. When MBH < (MBH)∗ with
(MBH)∗ =
2ν
λ
(
σ2
6piζν
)1/2 ~√
Gm|as|
, (22)
the radius Rc decreases as the mass Mc increases, going
from the gravitational Bohr radius RB when Mc → 0
down to the TF radius RTF when Mc → +∞ (see Fig. 5
of [43]). When MBH > (MBH)∗, the radius Rc increases
as the mass Mc increases, going from the gravitational
Bohr radius RB when M → 0 up to the TF radius RTF
when M → +∞ (see Fig. 6 of [43]). All these configura-
tions are stable.
In the attractive case (as < 0) the mass-radius rela-
tion is nonmonotonic (see Fig. 10 of [43]). There is a
maximum mass (Mc)max(MBH) given by
(Mc)max(MBH)
(Mc)max
= − λ
2ν
MBH
(Mc)max
+
√
1 +
λ2
4ν2
(
MBH
(Mc)max
)2
, (23)
where
(Mc)max =
(
σ2
6piζν
)1/2 ~√
Gm|as|
(24)
is the maximum mass of a self-gravitating BEC with an
attractive self-interaction without a central BH [7]. The
maximum mass decreases as the mass of the BH increases
(see Fig. 11 of [43]). The radius (Rc)∗(MBH) correspond-
ing to (Mc)max(MBH) is given by
(Rc)∗(MBH)
(Rc)∗
=
(Mc)max(MBH)
(Mc)max
, (25)
where
(Rc)∗ =
(
6piζ
ν
)1/2( |as|~2
Gm3
)1/2
(26)
is the radius corresponding to (Mc)max in the absence
of a central BH [7]. No equilibrium state exist with a
mass Mc > (Mc)max(MBH). For Mc < (Mc)max(MBH)
the branch Rc > (Rc)∗(MBH) (corresponding to the so-
lutions (13) with the sign +) is stable while the branch
Rc < (Rc)∗(MBH) (corresponding to the solutions (13)
with the sign −) is unstable. On the stable branch
the radius Rc decreases as the mass Mc increases, go-
ing from the gravitational Bohr radius RB when Mc → 0
down to the minimum stable radius (Rc)∗(MBH) when
Mc → (Mc)max(MBH).
Remark: When as ≥ 0 all the configurations, with
any value of M , are stable. Although the central BH
enhances the gravitational attraction and reduces the
radius of the BEC, it does not destabilize the system.
When as < 0, only the configurations below the maxi-
mum mass (Mc)max(MBH) and above the minimum ra-
dius (Rc)∗(MBH) are stable in continuity with the case
without central BH [7].
B. The core mass – halo mass relation
Substituting the core mass – radius relation (12) into
Eq. (11), we obtain the second degree equation(
Mc
(Mh)min,0
)2
+
λ
ν
MBH
(Mh)min,0
Mc
(Mh)min,0
=
(
Mh
(Mh)min,0
)1/2 [
1 +
as
a∗
(
Mh
(Mh)min,0
)1/2]
(27)
determining the core mass Mc as a function of the
halo mass Mh in the presence of a central BH of mass
MBH(Mh) given by Eq. (9). Following our previous pa-
per [16] we have introduced the mass scale
(Mh)min,0 =
22/3σ2/3
ν2/3α1/3
(
~4Σ0
G2m4
)1/3
(28)
and the scattering length scale
a∗ =
22/3σ2/3α2/3ν1/3
6piζ
(
Gm5
~2Σ20
)1/3
, (29)
6where α = 1/1.76. Physically (Mh)min,0 gives the
minimum mass (ground state) of a noninteracting self-
gravitating BEC without central BH. On the other hand,
the scattering length a∗ determines the transition be-
tween the noninteracting regime and the TF regime (for
a repulsive self-interaction) or the transition between the
noninteracting regime and the collapse regime (for an at-
tractive self-interaction). The solution of Eq. (27) is
Mc
(Mh)min,0
= − λ
2ν
MBH
(Mh)min,0
+
{
λ2
4ν2
(
MBH
(Mh)min,0
)2
+
(
Mh
(Mh)min,0
)1/2 [
1 +
as
a∗
(
Mh
(Mh)min,0
)1/2]}1/2
. (30)
In the absence of BH we recover the relation
Mc
(Mh)min,0
=
(
Mh
(Mh)min,0
)1/4√
1 +
as
a∗
(
Mh
(Mh)min,0
)1/2
(31)
obtained in [16]. When the BH dominates, we get
Mc
(Mh)min,0
=
ν
λ
(Mh)min,0
MBH
(
Mh
(Mh)min,0
)1/2
×
[
1 +
as
a∗
(
Mh
(Mh)min,0
)1/2]
. (32)
C. The minimum halo (ground state)
Setting Mc = Mh in Eq. (30) we obtain the mini-
mum halo mass (Mh)min (ground state) as a function of
as/a∗ in the presence of a central BH. However, for the
minimum halo, MBH/(Mh)min ∼ 2.51 × 10−5  1 and,
consequently, we can neglect the effect of the BH. The
effect of the BH will be important only for larger halos
(see below). Therefore, the results of Secs. VII.B and
VII.C of [16] are unchanged. In particular, we obtain the
following relation
as
a∗
=
(Mh)min
(Mh)min,0
−
√
(Mh)min,0
(Mh)min
(33)
between the minimum halo mass (Mh)min and the scat-
tering length as/a∗ of the DM particle. This relation
is plotted in Fig. 11 of [16]. When as = 0 we have
(Mh)min = (Mh)min,0. When as ≥ 0, (Mh)min is larger
than (Mh)min,0. When as ≤ 0, (Mh)min is smaller than
(Mh)min,0. When as ≥ 0, the minimum halo is al-
ways stable. However, when as < 0, it is stable only
if Mc < (Mc)max where (Mc)max is given by [16]:
(Mc)max
(Mh)min,0
=
1
2
(
a∗
|as|
)1/2
. (34)
As a result, the minimum halo is stable provided that
as ≥ (as)c with
(as)c
a∗
= − 1
22/3
. (35)
For as = (as)c, the minimum halo is critical. It has a
mass
(Mh)min,c
(Mh)min,0
=
1
22/3
. (36)
Consequently, for a scattering length (as)c ≤ as ≤ 0,
the mass of the (stable) minimum halo is in the range
(Mh)min,c ≤Mh ≤ (Mh)min,0.
In principle, the minimum halo mass (Mh)min can be
obtained from the observations. Its value is not known
precisely but it is of the order of 108M corresponding
to dSphs like Fornax. The minimum halo mass (Mh)min
is the only unknown parameter of our theory. In the
following, to fix the ideas, we will take
(Mh)min = 10
8M. (37)
Our formula are general but the numerical applications
will slightly change if other, more accurate, values of
(Mh)min are used instead of Eq. (37). We also recall
that our approach is approximate because it is based on
a Gaussian ansatz for the density profile of DM halos.
Again, it could be improved by using the exact core mass-
radius relation. However, our main aim in this paper is to
present the general ideas, so our approximate analytical
approach is sufficient for our purposes.
Once the mass (Mh)min of the minimum halo is fixed,
Eq. (33) determines the relation betwen the DM particle
mass m and the scattering length as. This relation can
be written as [16]:
as
a′∗
=
(
m
m0
)3
− m
m0
, (38)
where we have introduced the particle mass scale
m0 =
21/2σ1/2
ν1/2α1/4
~Σ1/40
G1/2(Mh)
3/4
min
(39)
and the scattering length scale
a′∗ =
23/2σ3/2α1/4
ν1/26piζ
~
G1/2Σ
1/4
0 (Mh)
5/4
min
. (40)
For (Mh)min = 10
8M we obtain
m0 = 2.25× 10−22 eV/c2 (41)
and
a′∗ = 4.95× 10−62 fm. (42)
Physically, m0 represents the mass of the DM particle
in the noninteracting case (as = 0) which is consistent
with a minimum halo of mass (Mh)min. On the other
hand, the scattering length a′∗ determines the transition
between the noninteracting regime and the TF regime
(for a repulsive self-interaction) or the transition between
the noninteracting regime and the collapse regime (for an
7attractive self-interaction). According to Eq. (38), our
results depend only on the scattering length as of the DM
particle: its mass m is then automatically determined by
Eq. (38).8
The relation (38) is plotted in Fig. 13 of [16]. When
as = 0 we have m = m0. When as ≥ 0, m is larger than
m0. When as ≤ 0, m is smaller than m0. When as ≤ 0,
the minimum halo is stable only if as > (as)c with
(as)c
a′∗
= − 1
23/2
. (43)
For as = (as)c, the minimum halo is critical. This corre-
sponds to a particle mass
mc
m0
=
1√
2
. (44)
Consequently, for a scattering length (as)c ≤ as ≤ 0, the
mass of the DM particle is in the range mc ≤ m ≤ m0.
Remark: For bosons with an attractive self-interaction,
like the axion [12], it is more convenient to express the
results in terms of the decay constant (see, e.g., [52])
f =
(
~c3m
32pi|as|
)1/2
, (45)
rather than the scattering length as. In that case, the
relation (38) can be rewritten as
f
f ′∗
=
1√
1−
(
m
m0
)2 , (46)
where we have introduced the energy scale [16]:
f ′∗ =
(6piζ)1/2
8pi1/2σ1/2α1/4
~1/2Σ1/40 (Mh)
1/4
minc
3/2. (47)
For (Mh)min = 10
8M we obtain
f ′∗ = 9.45× 1013 GeV. (48)
The relation (46) is plotted in Fig. 14 of [16]. The mini-
mum halo is stable only if f > fc with
fc
f ′∗
=
√
2. (49)
For f = fc, the minimum halo is critical. This corre-
sponds to a particle mass mc. When f → +∞ we have
m→ m0.
8 Of course, we could take the opposite viewpoint and consider that
the scattering length as is determined by the mass m so as to be
consistent with a minimum halo of mass (Mh)min. However, it
is more convenient to take as as the control parameter.
D. Procedure to determine the core mass – halo
mass relation
In order to determine the core mass – halo mass rela-
tion for a given value of the scattering length as, we need
the following relation [16]
as
a∗
=
(
m
m0
)4/3
−
(m0
m
)2/3
, (50)
which is obtained from Eq. (38) by normalizing the scat-
tering length as by the scattering length scale a∗ intro-
duced in Sec. III B (see [16] for details). We can now
proceed in the following manner. For a given value of
as/a
′
∗ we can obtain m/m0 from Eq. (38). Then, we
get as/a∗ from Eq. (50) and (Mh)min/(Mh)min,0 from
Eq. (33). We can then plot Mc/(Mh)min as a function of
Mh/(Mh)min by using Eqs. (9) and (30). We stress that
this procedure yields a “universal” curve Mc/(Mh)min vs
Mh/(Mh)min for a given value of as/a
′
∗. The only un-
known parameter of our model is the mass (Mh)min of
the minimum halo which determines the scales m0 and
a′∗ according to Eqs. (39) and (40).
9 The minimum
halo mass is not known with precision but it is of or-
der (Mh)min ∼ 108M. In the numerical applications,
we will assume that (Mh)min = 10
8M [see Eq. (37)].
If we change the value of the minimum halo mass, the
normalized curve Mc/(Mh)min(Mh/(Mh)min) for a given
value of as/a
′
∗ remains the same: only the scales change.
Remark: For convenience, we have proceeded the other
way round. We have fixed a value of (Mh)min/(Mh)min,0,
determined as/a∗ from Eq. (33), and plotted
Mc/(Mh)min as a function of Mh/(Mh)min by using Eqs.
(9) and (30). We have then used Eqs. (50) and (38) to
obtain the values of m/m0 and as/a
′
∗ corresponding to
our choice of (Mh)min/(Mh)min,0.
E. Noninteracting bosons
For noninteracting bosons (as = 0), the core mass –
halo mass relation (30) reduces to
Mc
(Mh)min
= − λ
2ν
MBH
(Mh)min
+
√
λ2
4ν2
(
MBH
(Mh)min
)2
+
(
Mh
(Mh)min
)1/2
, (51)
where MBH is given as a function of Mh by Eq. (9). More
generally, this relation is valid for |as|  a′∗. It is plotted
9 We have also assumed that the surface density of the DM halos
is universal [see Eq. (2)]. If this were not the case, our general
model would remain valid but the problem would depend on two
parameters, Mh and rh, instead of just Mh.
8in Fig. 1. There is a maximum core mass
(Mc)max,0 = 8.92× 108M, (52)
corresponding to a halo mass
(Mh)∗,0 = 1.96× 1012M (53)
and a BH mass
(MBH)∗,0 = 2.39× 108M. (54)
The effect of the BH becomes important when
MBH/(Mh)min ∼ (Mh/(Mh)min)1/4, i.e. MBH ∼Mc, cor-
responding to (Mh)∗,0 ∼ 1012M. When Mh  (Mh)∗,0
the effect of the BH is negligible and we recover the scal-
ing
Mc
(Mh)min
=
(
Mh
(Mh)min
)1/4
(55)
obtained in [16]. When Mh  (Mh)∗,0 the BH dominates
and we get the scaling
Mc
(Mh)min
∼ ν
λ
(
Mh
(Mh)min
)1/2
(Mh)min
MBH
∼ ν
λA
(
(Mh)min
Mh
)a−1/2
. (56)
This relation can be directly obtained from Eqs. (11) and
(16). It exhibits a critical index a0 = 1/2. When a > a0
the core mass decreases with Mh and when a < a0 the
core mass increases with Mh. For the measured value
a = 1.16, we are in the first case. For a DM halo of
mass Mh = 10
12M similar to the one that surrounds
our Galaxy, we obtain a core mass Mc = 8.55 × 108M
a little smaller than the value Mc = 10
9M obtained
in [16] in the absence of a central BH (we have taken
(Mh)min = 10
8M).
F. Bosons with a repulsive self-interaction
In this section, we consider the case of bosons with a
repulsive self-interaction (as > 0).
We first consider the TF limit corresponding to as 
a∗. In that case, the core mass – halo mass relation (30)
reduces to
Mc
(Mh)min,0
= − λ
2ν
MBH
(Mh)min,0
+
√
λ2
4ν2
(
MBH
(Mh)min,0
)2
+
as
a∗
Mh
(Mh)min,0
. (57)
Substituting the equivalent
(Mh)min
(Mh)min,0
∼ as
a∗
(58)
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FIG. 1: Core mass Mc as a function of the halo mass Mh (solid
line) for noninteracting bosons (as = 0; m = m0 = 2.25 ×
10−22 eV/c2). The mass is normalized by M. The function
Mc(Mh) presents a maximum core mass (Mc)max,0 = 8.92 ×
108M at (Mh)∗,0 = 1.96 × 1012M. All the configurations
are stable. We have also represented the relation Mc(Mh)
without BH (dashed line) and the relation MBH(Mh) (dotted
line).
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FIG. 2: Core mass Mc as a function of the halo mass Mh (solid
line) for a repulsive self-interaction as > 0 in the TF regime.
The mass is normalized by M. The function Mc(Mh)
presents a maximum core mass (Mc)max,TF = 9.77×1010M
at (Mh)∗,TF = 6.92×1014M. All the configurations are sta-
ble. We have also represented the relation Mc(Mh) without
BH (dashed line) and the relation MBH(Mh) (dotted line).
from Eq. (33) into Eq. (57), we obtain
Mc
(Mh)min
= − λ
2ν
MBH
(Mh)min
+
√
λ2
4ν2
(
MBH
(Mh)min
)2
+
Mh
(Mh)min
, (59)
where MBH is given as a function of Mh by Eq. (9).
This relation is valid for as  a′∗. It is plotted in Fig. 2.
9(Mh)min
(Mh)min,0
as
a∗
m
m0
as
a′∗
(Mc)max
(Mh)min
(Mh)∗
(Mh)min
104 104 103 109 977 6.92× 106
1.6 0.809 1.42 1.46 537 4.12× 106
1.1 0.1465 1.07 0.165 167 1.48× 106
1.01 0.015 1.01 0.01515 26.8 2.23× 105
1 0 1 0 8.92 1.96× 104
TABLE I: Values of the DM particle parameters selected in Fig. 3. The scales m0 and a
′
∗ are given by Eqs. (39) and (40). For
(Mh)min = 10
8M, we obtain m0 = 2.25× 10−22 eV/c2 and a′∗ = 4.95× 10−62 fm.
There is a maximum core mass
(Mc)max,TF = 9.77× 1010M, (60)
corresponding to a halo mass
(Mh)∗,TF = 6.92× 1014M (61)
and a BH mass
(MBH)∗,TF = 2.16× 1011M. (62)
The effect of the BH becomes important when
MBH/(Mh)min ∼ (Mh/(Mh)min)1/2, i.e. MBH ∼ Mc,
corresponding to (Mh)∗,TF ∼ 1015M.10 When Mh 
(Mh)∗,TF the effect of the BH is negligible we recover the
scaling
Mc
(Mh)min
=
(
Mh
(Mh)min
)1/2
(63)
obtained in [16]. When Mh  (Mh)∗,TF, the BH domi-
nates and we get the scaling
Mc
(Mh)min
∼ ν
λ
Mh
(Mh)min
(Mh)min
MBH
∼ ν
λA
(
(Mh)min
Mh
)a−1
. (64)
This relation can be directly obtained from Eqs. (11) and
(21). It exhibits a critical index aTF = 1. When a > aTF
the core mass decreases with Mh and when a < aTF the
core mass increases with Mh. For the measured value
a = 1.16 we are in the first case. But since a = 1.16
is close to the critical value aTF = 1, the decrease of
the core mass Mc with Mh is weak, as can be seen in
Fig. 2. For a DM halo of mass Mh = 10
12M similar
to the one that surrounds our Galaxy, we obtain a core
mass Mc = 10
10M, the same value as the one found
in [16] in the absence of a central BH (we have taken
(Mh)min = 10
8M).
10 Since the value of (Mh)∗,TF is larger than the size of the biggest
DM halos in the Universe, we conclude that the effect of the BH
is always negligible (or marginal for the biggest halos) when we
are in the TF limit.
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FIG. 3: Core mass Mc as a function of the halo mass Mh for
different values of the scattering length as ≥ 0 (see Table
I). The mass is normalized by M. We have represented
the position of the minimum halo mass (Mh)min = 10
8M
(common origin), the curve corresponding to noninteracting
bosons as = 0 [see Eq. (51)], and the curve corresponding
to the TF limit as/a
′
∗  1 [see Eq. (59)]. The core mass
reaches a maximum value (Mc)max at (Mh)∗. The dashed
line represents the core mass – halo mass relation Mc(Mh) in
the absence of a central BH [16]. In that case, the core mass
increases monotonically with the halo mass.
We now consider the general case of a repulsive self-
interaction (as > 0). The core mass – halo mass relation
Mc(Mh) is represented in Fig. 3 for different values of
as following the procedure explained in Sec. III D. These
curves are bounded by the lower curve from Eq. (51)
corresponding to the noninteracting limit (as  a′∗) and
by the upper curve from Eq. (59) corresponding to the
TF limit (as  a′∗). The general behavior of the function
Mc(Mh) is always the same. Starting from the minimum
halo mass (Mh)min where Mc = Mh, the core mass Mc in-
creases with Mh, reaches a maximum (Mc)max at (Mh)∗,
and finally decreases with Mh. All the halos are stable.
We see that the maximum mass (Mc)max increases with
as going from (Mc)max,0 = 8.92 × 108M for as = 0 to
(Mc)max,TF = 9.77× 1010M for as/a′∗  1. The corre-
sponding halo mass (Mh)∗ increases with as going from
(Mh)∗,0 = 1.96×1012M to (Mh)∗,TF = 6.92×1014M.
The effect of the BH is negligible for small halo masses
Mh  (Mh)∗. It becomes important when Mh ∼ (Mh)∗.
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G. Bosons with an attractive self-interaction
In this section, we consider the case of bosons with an
attractive self-interaction (as < 0).
According to Eq. (30) the core mass vanishes at
(Mh)Max
(Mh)min,0
=
(
a∗
as
)2
, (65)
like in the absence of a central BH [16]. However, this
situation is purely academic because, as we shall see, the
core becomes unstable long before disappearing.
The core mass – halo mass relation Mc(Mh) is plot-
ted in Fig. 4 for a given value of as < 0. The func-
tion Mc(Mh) presents a maximum (Mc)max at (Mh)∗. It
is important to note that the maximum of the function
Mc(Mh) does not generally coincide with the maximum
mass (Mc)max,∗ of the quantum core in the presence of
a BH of mass MBH [see Eq. (23)]. The evolution of the
critical mass (Mc)max,∗ with Mh is determined by the
equation11
(Mc)max,∗
(Mh)min,0
= − λ
2ν
MBH
(Mh)min,0
+
√
λ2
4ν2
(
MBH
(Mh)min,0
)2
+
1
4
a∗
|as| , (67)
together with Eq. (9). The intersection between the
curves (Mc)(Mh) and (Mc)max,∗(Mh) determines the
point ((Mh)max, (Mc)crit) at which the core of the halo
becomes unstable (it is marginally stable at that point).
The branch (Mh)max ≤ Mh ≤ (Mh)Max corresponds to
unstable states. Only the branch (Mh)min ≤ Mh ≤
(Mh)max, corresponding to stable states, is physical.
Therefore, (Mh)max is the maximum mass of a DM halo
with a stable quantum core.
We now consider the general case of an attractive self-
interaction (as < 0). The core mass – halo mass relation
Mc(Mh) is represented in Figs. 5 and 6 for different val-
ues of as in the range [(as)c, 0] following the procedure
explained in Sec. III D. These curves are bounded by the
lower curve (Mh)min = (Mh)max (critical minimum halo)
corresponding to the minimum scattering length (as)c
and by the upper curve from Eq. (51) corresponding to
the noninteracting limit (|as|  a′∗). The general behav-
ior of the Mc(Mh) relation is always the same. Starting
from the minimum halo mass (Mh)min where Mc = Mh,
the core mass Mc increases with Mh, reaches a maxi-
mum at (Mc)max at (Mh)∗ and finally decreases with
Mh. The halos are stable until (Mh)max corresponding
11 This equation is obtained by combining Eq. (23) with the rela-
tion
(Mc)max
(Mh)min,0
=
1
2
(
a∗
|as|
)1/2
(66)
given in [16] in the absence of a central BH.
108 1012
Mh
106
108
1010
M
c (Mh)min
(M
c
)
maxa
s
 < 0
(Mh)Max
(M
c
)
max,*
(S)
(U)
(M
c
)
crit
(Mh)max
(Mh)*
FIG. 4: Core mass Mc as a function of the halo mass Mh for
a specific value of as < 0 (we have taken as/a
′
∗ = −0.00150).
The core mass reaches a maximum value (Mc)max at (Mh)∗.
However, the DM halo is stable until the maximum halo mass
(Mh)max corresponding to a critical core mass (Mc)crit [see
Eq. (23)]. The dashed line represents the core mass – halo
mass relation Mc(Mh) without a central BH. The dotted line
represents the maximum mass of the core in the presence of
a BH of mass MBH(Mh).
to Mc = (Mc)crit. For Mh > (Mh)max they are unstable.
For Mh = (Mh)Max the core mass vanishes (Mc = 0).
We see that the maximum mass (Mc)max increases with
as, going from (Mh)min = 10
8M for as = (as)c to
(Mc)max,0 = 8.92 × 108M for as = 0. The corre-
sponding halo mass (Mh)∗ increases with as going from
(Mh)min = 10
8M to (Mh)∗,0 = 1.96 × 1012M.12 On
the other hand, the critical mass (Mc)crit decreases with
as going from (Mh)min = 10
8M for as = (as)c to 0 for
as = 0 while the maximum halo mass (Mh)max increases
with as going from (Mh)min = 10
8M to +∞. The ef-
fect of the BH is negligible for as close to (as)c. In that
case (Mc)crit ' (Mc)max and (Mh)max ' (Mh)∗. It is
also negligible for any as when Mh  (Mh)∗. It becomes
important when as is close to 0 and Mh ∼ (Mh)∗.
H. Summary
In the noninteracting case (as = 0; m = m0 given by
Eq. (41)) the DM halos with a mass Mh ≥ (Mh)min
[see Eq. (37)] contain a quantum core of mass Mc given
by Eq. (51). The core mass achieves a maximum value
(Mc)max,0 at (Mh)∗,0 [see Eqs. (52) and (53)]. All the
configurations are stable.
In the case of a repulsive self-interaction (as > 0;
m > m0 given by Eq. (38)) the halos with a mass
12 This is very different from the case without a central BH where
the maximum core mass and the corresponding halo mass in-
crease to infinity when as goes to 0− [16].
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(Mh)min
(Mh)min,0
as
a∗
m
m0
as
a′∗
f
f ′∗
(Mh)∗
(Mh)min
(Mc)max
(Mh)min
(Mh)max
(Mh)min
(Mc)crit
(Mh)min
1 0 1 0 ∞ 1.96× 104 8.92 ∞ 0
0.9999 −1.50× 10−4 1.00 −1.50× 10−4 81.6 1.88× 104 8.81 1.11× 107 0.158
0.999 −1.50× 10−3 0.999 −0.00150 25.8 1.27× 104 7.85 1.11× 105 3.11
0.995 −0.00751 0.996 −0.00746 11.55 3040 5.33 4460 5.22
0.98 −0.03015 0.985 −0.0294 5.79 270 2.91 281 2.91
0.95 −0.0760 0.962 −0.0713 3.67 45.6 1.91 45.6 1.91
0.9 −0.154 0.924 −0.135 2.615 11.7 1.41 11.7 1.41
0.8 −0.318 0.846 −0.241 1.87 3.09 1.11 3.09 1.11
0.630 −0.630 0.707 −0.354 1.41 1 1 1 1
TABLE II: Values of the DM particle parameters selected in Figs. 5 and 6. The scales m0, a
′
∗ and f
′
∗ are given by Eqs. (39),
(40) and (47). For (Mh)min = 10
8M, we obtain m0 = 2.25× 10−22 eV/c2, a′∗ = 4.95× 10−62 fm and f ′∗ = 9.45× 1013 GeV.
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FIG. 5: Core mass Mc as a function of the halo mass Mh
for different values of the scattering length (as)c ≤ as ≤ 0
(see Table II). The mass is normalized by M. We have rep-
resented the position of the minimum halo mass (Mh)min =
108M (common origin), the curve corresponding the mini-
mum scattering length (as)c for which the minimum halo is
critical, and the curve corresponding to noninteracting bosons
as = 0 [see Eq. (51)]. The core mass reaches a maximum
value (Mc)max at (Mh)∗. The dashed lines represent the core
mass – halo mass relation Mc(Mh) in the absence of a central
BH [16].
Mh > (Mh)min [see Eq. (37)] contain a quantum core
of mass Mc given by Eq. (30). The core mass achieves
a maximum value (Mc)max at (Mh)∗. For as  a∗, we
are in the noninteracting limit discussed previously. For
as  a∗ we are in the TF limit. In that case, the mass Mc
of the quantum core is given by Eq. (59). The core mass
achieves a maximum value (Mc)max,TF at (Mh)∗,TF [see
Eqs. (60) and (61)]. All the configurations are stable.
In the case of an attractive self-interaction (as < 0)
the halos can be stable only if as > (as)c (or equiva-
lently f > fc). When (as)c ≤ as < 0 (correspondingly
mc ≤ m < m0 given by Eq. (38)) the halos with a mass
Mh > (Mh)min [see Eq. (37)] contain a quantum core of
mass Mc given by Eq. (30). The core mass achieves a
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FIG. 6: Same as Fig. 5 but now the dotted lines represent
the maximum mass of the quantum core (Mc)max,∗(Mh) in
the presence of a BH of mass MBH(Mh). Their intersections
with the core mass – halo mass relations Mc(Mh) (solid lines)
determine the points ((Mh)max, (Mc)crit) at which the core of
the halo becomes unstable. For values of as close to (as)c
we have not plotted the dotted lines because (Mc)max and
(Mc)crit coincide. When as < (as)c (i.e. f < fc) there is no
DM halo with a stable quantum core. When (as)c < as < 0
a stable quantum core exists only in the range (Mh)min ≤
Mh ≤ (Mh)max.
maximum value (Mc)max at (Mh)∗. The quantum core
is stable for (Mh)min < Mh < (Mh)max and unstable for
(Mh)max < Mh < (Mh)Max. When we reach the maxi-
mum halo mass (Mh)max, the core reaches its maximum
limit (Mc)crit [see Eq. (23)] and collapses. The result of
the collapse (dense axion star, BH, bosenova...) is dis-
cussed in [52–60].
The maximum core mass (Mc)max and the critical core
mass (Mc)crit are plotted as a function of as in Fig. 7.
The corresponding halo masses (Mh)∗ and (Mh)max are
plotted as a function of as in Fig. 8.
In the previous sections, we have expressed the core
mass – halo mass relation in terms of Mh. This relation
can be easily expressed in terms of Mv by using Eq. (6).
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FIG. 7: Maximum core mass (Mc)max/(Mh)min and critical
core mass (Mc)crit/(Mh)min as a function of the scattering
length as/a
′
∗. For as ≥ 0, the critical core mass (Mc)crit = 0
meaning that all the configurations are stable. The dashed
line represents the maximum core mass (Mc)max/(Mh)min in
the absence of a central BH [see Eq. (239) of [16]] which tends
to +∞ as as → 0−.
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FIG. 8: Halo mass (Mh)∗/(Mh)min corresponding to the max-
imum core mass and maximum halo mass (Mh)max/(Mh)min
above which the quantum core is unstable as a function of
the scattering length as/a
′
∗. For as ≥ 0, the maximum halo
mass (Mh)max = +∞ meaning that all the configurations are
stable. The dashed line represents the maximum halo mass
(Mh)max/(Mh)min in the absence of a central BH [see Eq.
(238) of [16]].
IV. FERMIONIC DM HALOS
In this section, we obtain the core mass – halo mass
relation of fermionic DM halos in the presence of a cen-
tral BH by combining the velocity dispersion tracing re-
lation (11) with the core mass-radius relation of a self-
gravitating gas of fermions at T = 0.
A. Core mass-radius relation
Using a Gaussian ansatz, we found in [43] that the
approximate mass-radius relation of a self-gravitating gas
of fermions at T = 0 (ground state) with a central BH is
given by
Rc =
3ζ
20
(
3
pi
)2/3
h2
Gm8/3
M
2/3
c
νMc + λMBH
(68)
with the coefficients ζ = 1/(2pi)3/2, ν = 1/
√
2pi and
λ = 2/
√
pi. These results apply to the “minimum halo”
which has no isothermal atmosphere (ground state) and
to the quantum core of larger DM halos which have an
isothermal atmosphere. Starting from Rc = 0 when
Mc = 0, the radius Rc increases as the mass Mc increases,
reaches a maximum
(Rc)max(MBH) =
ζ
20λ1/3
(
6
piν
)2/3
h2
Gm8/3M
1/3
BH
(69)
at
M∗(MBH) =
2λ
ν
MBH (70)
and decreases to zero when M → +∞ (see Fig. 18 of
[43]). All these configurations are stable. For a given
value of the core mass Mc, the core radius decreases as
the BH mass increases going from
Rc =
3ζ
20ν
(
3
pi
)2/3
h2
Gm8/3M
1/3
c
(71)
when MBH = 0 to
Rc ∼ 3ζ
20λ
(
3
pi
)2/3
h2M
2/3
c
Gm8/3MBH
→ 0 (72)
when the BH dominates (MBH → +∞). Although the
central BH enhances the gravitational attraction and re-
duces the radius of the BEC, it does not destabilize the
system.
B. The minimum halo mass without central BH
We first determine the minimum halo mass (Mh)min in
the absence of a central BH. As explained previously, the
minimum halo corresponds to the ground state (T = 0)
of the self-gravitating Fermi gas. In our approximate
approach we write the surface density as
Σ0 = α
Mc
R2c
, (73)
where α is a constant of order unity (in the numerical
applications we take α = 1/1.76 for the reason explained
in footnote 17 of [16]). Eliminating Rc between Eqs. (71)
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and (73), and treating Σ0 as a universal constant, we get
the minimum halo mass (Mh)min as a function of m (we
recall that Mh = Mc for the ground state since there is
no isothermal atmosphere by definition). We find
(Mh)min =
(2pi)12/5
α3/5ν6/5
(
3ζ
20
)6/5(
3
pi
)4/5( ~12Σ30
G6m16
)1/5
.
(74)
The prefactor is 1.26. This result can be compared with
the exact value from Eq. (14) of [16]. Measuring the DM
particle mass in units of 100 eV/c2, we get (Mh)min =
1.40×108m−16/5M. Inversely, assuming that the mass
(Mh)min of the minimum halo is known, we obtain the
fermion mass
m =
(2pi)3/4
α3/16ν3/8
(
3ζ
20
)3/8(
3
pi
)1/4 ~3/4Σ3/160
G3/8(Mh)
5/16
min
. (75)
The prefactor is 1.07. If we take (Mh)min = 10
8M we
obtain m = 111 eV/c2. This result can be compared with
the exact value from Eq. (G12) of [16].
C. The core mass – halo mass relation without
central BH
Substituting the core mass-radius relation (71) into Eq.
(11), we obtain the core mass – halo mass relation with-
out central BH
Mc
(Mh)min
=
(
Mh
(Mh)min
)3/8
. (76)
We recover the scaling from Eq. (169) of [16]. Returning
to the original variables, we get
Mc =
(2pi)3/2
α3/8ν3/4
(
3ζ
20
)3/4(
3
pi
)1/2( ~4Σ0Mh
G2m16/3
)3/8
.
(77)
The prefactor is 1.155. For a DM halo of mass Mh =
1012M similar to the one that surrounds our Galaxy, we
obtain a core mass Mc = 3.16 × 109M (we have taken
(Mh)min = 10
8M). The corresponding core radius is
Rc = 201 pc [see Eq. (71)]. The quantum core represents
a bulge or a nucleus (it cannot mimic a BH).
D. The core mass – halo mass relation with a
central BH
We now take into account the presence of a central BH.
Substituting the core mass-radius relation (68) into Eq.
(11), we obtain the equation[
Mc
(Mh)min
+
λ
ν
MBH
(Mh)min
](
Mc
(Mh)min
)1/3
=
(
Mh
(Mh)min
)1/2
(78)
determining the core mass Mc as a function of the
halo mass Mh in the presence of a central BH of mass
MBH(Mh) given by Eq. (9). We have introduced the
mass scale from Eq. (74) corresponding to the minimum
halo mass without central BH. Setting Mc = Mh in Eq.
(78) we obtain the minimum halo mass (Mh)min(MBH) in
the presence of a central BH. However, we have already
explained in Sec. III C that we can neglect the effect of
the BH on the minimum halo. The effect of the BH will
be important only for larger halos (see below). There-
fore, the minimum halo mass in the presence of a central
BH is still given in very good approximation by Eq. (74).
106 109 1012 1015
Mh
107
108
109
1010
1011
M
c (Mh)*
(Mh)min
MBH
(M
c
)
max
fermions
FIG. 9: Core mass Mc as a function of the halo mass Mh (solid
line) for fermions (m = 111 eV/c2). The mass is normalized
by M. The function Mc(Mh) presents a maximum core mass
(Mc)max,F = 2.57×109M at (Mh)∗,F = 2.31×1012M. All
the configurations are stable. We have also represented the
relation Mc(Mh) without BH (dashed line) and the relation
MBH(Mh) (dotted line).
The core mass – halo mass relation (78) is plotted in
Fig. 9. There is a maximum core mass
(Mc)max,F = 2.57× 109M, (79)
corresponding to a halo mass
(Mh)∗,F = 2.31× 1012M (80)
and a BH mass
(MBH)∗,F = 2.89× 108M. (81)
The effect of the BH becomes important when MBH ∼
Mc, corresponding to (Mh)∗,F ∼ 1012M. When Mh 
(Mh)∗ the effect of the BH is negligible and we recover
the scaling
Mc
(Mh)min
∼
(
Mh
(Mh)min
)3/8
(82)
corresponding to Eq. (76).
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When Mh  (Mh)∗ the BH dominates and we get the
scaling
Mc
(Mh)min
∼
(ν
λ
)3( (Mh)min
MBH
)3(
Mh
(Mh)min
)3/2
∼
(ν
λ
)3 1
A3
(
(Mh)min
Mh
)3a−3/2
. (83)
This relation can be directly obtained from Eqs. (11) and
(72). It exhibits a critical index aF = 1/2. When a > aF
the core mass decreases with Mh and when a < aF the
core mass increases with Mh. For the measured value
a = 1.16, we are in the first case. For a DM halo of
mass Mh = 10
12M similar to the one that surrounds
our Galaxy, we obtain a core mass Mc = 2.39×109M a
little smaller than the value Mc = 3.16×109M obtained
above in the absence of a central BH (we have taken
(Mh)min = 10
8M).
E. Summary
In the fermion case (m = 111 eV/c2 given by Eq. (75))
the halos with a mass Mh ≥ (Mh)min [see Eq. (74)]
contain a quantum core of mass Mc given by Eq. (78).
The core mass achieves a maximum value (Mc)max,F at
(Mh)∗,F [see Eqs. (79) and (80)]. All the configurations
are stable.
In this section, we have expressed the core mass – halo
mass relation in terms of Mh. This relation could be
easily expressed in terms of Mv by using Eq. (6).
V. COMPARISON WITH OTHER WORKS
Let us briefly compare our results with those obtained
by Davies and Mocz [44]. These authors consider fuzzy
DM soliton cores made of noninteracting bosons around
SMBHs and assume that the Mc(Mh) relation is un-
changed by the presence of the SMBH. If we take into
account the effect of the SMBH in the manner performed
in the present paper, we find that, for noninteracting
bosons, the effect of the BH becomes important for DM
halos of mass (Mh)∗,0 = 1.96×1012M. Accordingly, for
the DM halos considered by Davies and Mocz [44], with
mass Mv = 10
12M (Milky Way) and Mv = 2×1014M
(elliptical galaxy in the Virgo cluster), the presence of
the SMBH is expected to change the value of the core
mass (especially in the second case), except if it forms
after the quantum core as assumed by these authors.13
13 As discussed by Davies and Mocz [44] at the end of their Sec. 4,
their conclusions are robust and should not significantly change
if we properly account for the modification of the quantum core
mass due to the presence of the SMBH as suggested above. We
stress, however, that their results (and all the results quoted in
The same conclusion is reached in the case of fermions
for which (Mh)∗,F = 2.31 × 1012M. By contrast, for
self-interacting bosons in the TF limit, we find that the
effect of the BH becomes important for DM halos of mass
(Mh)∗,TF = 6.92×1014M. This mass scale is of the or-
der of the mass of the largest DM halos in the Universe.
As a result, for most DM halos made of self-interacting
bosons in the TF limit, the effect of the SMBH is negli-
gible, or only marginally important. Finally, for bosons
with a repulsive self-interaction, the effect of the BH is
negligible when as is close to (as)c while it becomes im-
portant for halos of size Mh ∼ 1012M when as is close
to zero. From Fig. 5 and Table II (which can be com-
pared with Table I of [16]) we see that the transition oc-
curs for as/a
′
∗ ∼ −0.00746 (with a′∗ = 4.95× 10−62 fm).
VI. CONCLUSION
In this paper, we have analytically derived the core
mass – halo mass relation of bosonic and fermionic DM
halos in the presence of a central BH. Our results are
summarized in Secs. III H (for bosons) and IV E (for
fermions). They generalize the results previously re-
ported in [16] in the case without central BH. To obtain
our results, we have used the BH mass – halo mass re-
lation (3) obtained from the observations [51], the core
mass – radius relations (12) and (68) in the presence of a
central BH obtained from a Gaussian ansatz in [43], and
the velocity dispersion tracing relation (10) introduced in
[8, 26, 37] and justified from an effective thermodynamic
approach in [8, 16]. We have assumed that this relation
remains valid in the presence of a central BH. We have
also assumed that the BH exists prior to the quantum
core and that it affects its mass-radius relation in the
manner discussed in [43]. However, very little is known
about the mechanism of formation of SMBHs at the cen-
ter of galaxies. It could well be that the SMBH is formed
after the quantum core, and could even result from its
gravitational collapse. In this respect, we have argued in
[8, 16] that above a critical halo mass (Mh)MCP, related
to a microcanonical critical point in our effective ther-
modynamic model, the core-halo structure of DM halos
becomes unstable. In that case, the system undergoes
a gravothermal catastrophe followed by a dynamical in-
stability of general relativistic origin [42] leading to the
formation of a SMBH. This could be a manner to form
SMBHs at the center of galaxies, although our arguments
their Fig. 1) assume that the BECDM particle is noninteracting.
As emphasized in our series of papers [7, 8, 15, 16], and recalled
in the Introduction, the consideration of a self-interaction can
considerably change the value of the DM particle mass, up to 20
orders of magnitude, and solve some tensions with observations.
The possibility of a self-interaction should be taken into account
in the literature when considering astrophysical constraints on
the BECDM particle mass.
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suggest that this scenario works only for sufficiently large
halos (Mh & 1011M). [Actually, the fact that SMBHs
can form only in sufficiently large galaxies is consistent
with the conclusion reached by Ferrarese [50] on the ba-
sis of observations.] Therefore, different mechanisms of
SMBH formation at the center of galaxies are possible.
They should be investigated in future works.
Appendix A: The case of a fixed BH mass
In main text, when studying the core mass – halo mass
relation Mc(Mh), we have taken into account the depen-
dence of the BH mass with the halo mass [see Eq. (9)].
This is the astrophysically relevant situation. However,
it is interesting to consider, for comparison, the behav-
ior of the core mass – halo mass relation Mc(Mh) in the
academic case where the BH mass is fixed. This relation
is determined by Eq. (27) or Eq. (30), where MBH is
now a constant. When as ≥ 0, the function Mc(Mh) is
monotonic. When as < 0, the core mass is maximum at
(Mh)
fixedBH
max
(Mh)min,0
=
1
4
(
a∗
as
)2
(A1)
as in the absence of a central BH [16]. It has the the
value
(Mc)
fixedBH
max
(Mh)min,0
= − λ
2ν
MBH
(Mh)min,0
+
√
λ2
4ν2
(
MBH
(Mh)min,0
)2
+
1
4
a∗
|as| .(A2)
This expression coincides with the maximum core mass
(Mc)max,∗ given by Eq. (67) [see also Eqs. (23) and (66)].
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